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Quantum Clustering with Q-K-Means

IAAS

Deciding on appropriate medical treatments is critical to patient health. While
there are many traditional diagnostic approaches, new techniques are emerging
such as clustering. When applying clustering to this problems we group patients
with similar medical data, this allows for data driven treatments where we
can utilize past results of patients in the same cluster, therefore with a similar
medical history, to decide on effective treatments. To cluster the patients we
need clustering algorithms that group data based on their similarity. Classical
algorithms scale at least linear with the amount and dimension of the data. Which
is a problem considering humans medical data is very complex and numerous
with the UKs NHS alone holding an estimated 63 million patient records [4]. With
the amount of medically relevant facts we end up with a large high dimensional
data set that is expensive to cluster classically. Thus we would like a more
efficient method for large clustering problems. One such approach are potentially
Quantum-classical hybrid algorithms that compute the process partially on a
quantum computer. In this paper we focus on the K-means algorithm with a
quantum part, the Q-K-Means. First we review the K-Means algorithm. It can be
broken down into several steps. It starts with the pre-processing where the Data
is cleaned, we remove outliers, handle missing values and remove duplicated or
possibly reduce the dimensionality with PCA, for which we have seen a quantum
approach in the last chapter.
Then we initialize k Centroids usually with some minimum distance 𝜖 to ensure
faster convergence.
Next we compute the euclidean distance of each data point to each centroid and
assign the data points to the cluster with their closest centroid.
Lastly we recompute the centroids for each cluster by averaging the values of
the data points in their corresponding cluster. If they stay the same or change
below some threshold 𝛿 we terminate, if we have significant centroid changes we
reiterate the process with the newly computed centroids.
We can see that the described algorithm runs in O(n*d*I*k) with n being the
amount of data, d the dimensions of the data I being the iterations of the
algorithm and k the amount of clusters we input. Additionally we usually need
to run the algorithm several times to find the optimal k, where the clusters have
maximal expression power, clusters aren’t to loose but also not to specialized
and small too lose generalization. One way to achieve this is the elbow method
where we run the algorithm with increasing ks until we see a drop in decrease of
the within sum squared distances [3]. The algorithm scales linearly with n and
d and we need to run it additional times to find the optimal k. This gives us
the motivation to try and improve upon the algorithm. By leveraging quantum
computing to achieve a theoretical speedup. We take a look at Q-K-Means. This
Q-K-Means works much like the K-Means with the classical part being virtually
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identical, however we now want to compute the euclidean distances with help
of a quantum computer. To do this we first need to initialize the data on the
quantum computer and then execute a quantum circuit that lets us estimate the
distance of the data points.
To initialize we need to normalize the data and encode it into a quantum state.
Normalization means the squared amplitude sum of a quantum state needs to
equal 1. We could normalize all our data vectors at once, by doing that however
we could eliminate important distance relationships for clustering, as now the
data is present in a more confined space were previously far apart data can be way
closer together and get miss classified as distances shrink. In order to avoid this we
can use the Inverse stereographic projection [2] which keeps distance relationships
better intact. Or we can pairwise normalize for amplitude encoding [1]one of
many different encoding patterns [6]. For the purpose of distance calculation we
are going to focus on amplitude encoding we will see later why.
Amplitude encoding takes information in vector form and encodes it into the
normalized amplitudes of the different quantum states. Notably we can encode
an N dimensional Vector in 𝐿𝑜𝑔2(𝑁)Qubits.

(1, 2, 3, 4)𝑇 ⟹ 1√
30 |00⟩ + 2√

30 |01⟩ + 3√
30 |10⟩ + 4√

30 |11⟩
Here we encode the Vector (1, 2, 3, 4)𝑇 with amplitude encoding.
To estimate the euclidean distance between two Vectors on a Quantum Computer,
for this we leverage the swap test. By executing the swap test a large amount
of times and averaging the results for measuring 0 we then can compute the
distance estimation of vectors c and d as follows [1]:

|𝜓⟩ ∶= 1√
2

(|0⟩|𝑐⟩ + |1⟩|𝑑⟩) |𝜙⟩ ∶= 1√
𝑍

(|𝑐⟩|0⟩ − |𝑑⟩|1⟩)

𝑃𝑟(0) = 1
2

+ 1
2

|⟨𝜓|𝜙⟩|2

|𝑐 − 𝑑|2 = 4𝑍(𝑃𝑟(0) − 0.5)

With 𝑍 ∶= |𝑎|2 + |𝑏|2. The time complexity of the swap test depends on the
number of Qubits in the Vectors it is comparing. Thus amplitude encoding can
bring us an exponential speedup when calculating distances [5] as it has a time
complexity of 𝑂(𝐿𝑜𝑔2(𝐷)) over the classical computation which has a complexity
of O(D) (Dimensions). This approach however is currently not efficient, since
we can only achieve a speedup with data in amplitude encoding which currently
needs 𝑂(2𝑁) gates to create the encoding. Thus is unclear whether a real speed-up
can be achieved[? ]
Furthermore current Quantum computers have an error rate for each gate making
accurate computing challenging for higher Dimensional data as it requires more
gates. Additionally we need to load the data into the quantum computer which
has a time complexity of O(n). Further improvements to current NISQ machines,
quantum algorithms or potentially other hybrid approaches would be needed to
achieve a realistic speedup in clustering with quantum algorithms over classical
ones.
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Warm-Start for Quantum Algorithms 
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Variational Quantum Algorithms (VQAs) play an important role in quantum compu-
ting and combine quantum and classical computation in an iterative process [1,2]. As 
discussed in the previous chapter [3], their optimization is affected by cost landscapes 
that can contain barren plateaus, i.e., flat areas [4]. 
One approach to guide the optimization process is Warm-Start (WS), which uses 
known or efficiently generated information instead of executing the target algorithm 
without problem-specific prior information [5]. Different WS techniques can be  
applied depending on the algorithm and the specific problem [6]. We focus on the 
Biased Initial State pattern and compare Quantum Approximate Optimization Algo-
rithm (QAOA) with WS-QAOA for MaxCut. 
MaxCut asks for a partition of the vertices of a graph into two subsets such that the 
total weight of the edges connecting different subsets is maximized [7,8]. In QAOA, 
each vertex is represented by one qubit, and a measurement in the computational basis 
produces a bitstring representing one possible cut. The weighted MaxCut objective 
can be expressed by the cost Hamiltonian [7]: 
 

 

 
For each edge, the corresponding term distinguishes whether the connected vertices 
belong to the same or to different subsets. QAOA starts from the uniform superposi-
tion  and alternates cost and mixer operators for p layers, while the parameters 

 and  are optimized classically [9]. The two-qubit terms of the cost Hamiltonian 
couple qubits associated with adjacent vertices through ZZ interactions [7,9].  
Efficient classical approximation algorithms such as Goemans-Williamson algo-
rithm [8] are known for MaxCut. The Goemans-Williamson algorithm achieves an 
expected approximation ratio of about 0.878 for instances with non-negative edge 
weights [8]. QAOA alternates problem-dependent phase operations with mixing oper-
ations to prepare a parameterized distribution over candidate cuts [9]. QAOA lacks 
general performance guarantees, and for certain MaxCut instances, constant-depth 
QAOA cannot outperform Goemans-Williamson rounding [7]. Since classical approx-
imation algorithms can already provide good solutions for MaxCut, this information 
can be used to initialize QAOA instead of starting without problem-specific prior 
information [5,7]. This idea leads to WS-QAOA. 
Egger et al. [7] propose a WS-QAOA approach in which information from classical 
preprocessing is used in the quantum optimization. The continuous variant encodes a 
relaxed solution directly into the initial state, whereas the MaxCut variant uses a 
rounded classical cut [7]. In the continuous construction, a binary variable  
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  is relaxed to  . Let  denote an optimal relaxed solution. The 
value  is encoded into qubit  using  
 

 

Applying  to  prepares a state in which the probability of measuring  is 
 [7]. The initial state therefore reflects the relaxed solution instead of assigning 

equal probabilities to all computational basis states. 
Since the QAOA mixer is not designed to perform selective phase changes with re-
spect to the Biased Initial State, it must be adapted accordingly. In continuous  
WS-QAOA, the mixer Hamiltonian is chosen such that the Biased Initial State is its 
ground state [7], as shown in Figure 1.  

 
Figure 1. Circuit structure of WS-QAOA. The initial state and mixer operator are 
adapted to the relaxed solution . Adapted from [7]. 

For MaxCut, Egger et al. [7] also consider semidefinite programming combined with 
Goemans-Williamson randomized rounding [7]. The classical procedure first produc-
es a binary cut used to initialize the circuit. A regularization parameter prevents the 
qubits from being fixed to exact computational basis states and allows the circuit to 
represent different cuts. The classical approximation therefore provides an initial solu-
tion, while the variational circuit can explore alternatives [7]. 
 
WS uses prior information instead of starting an algorithm from scratch. Reported 
goals include reduced optimization time, lower resource consumption, and improved 
solution quality, although the observed effects depend on the algorithm and problem 
instance [5]. Some WS techniques, such as the one presented in this paper, aim to 
avoid or mitigate barren plateaus [5,6]. In the future, such knowledge could be used to 
provide decision support for selecting suitable WS techniques. 
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Disclaimer Grammarly was used during the writing of this paper to correct spelling, 
punctuation, and grammar. 
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